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Abstract. This is an introduction to Wiener measure and the Feynman-Kac formula 
on general Riemannian manifolds for Riemannian geometers with little or no background 
in stochastics. We explain the construction of Wiener measure based on the heat kernel 
in full detail and we prove the Feynman-Kac formula for Schrodinger operators with L°°- 
potentials. We also consider normal Riemannian coverings and show that projecting and 
lifting of paths are inverse operations which respect the Wiener measure. 



1. Introduction 

This paper is meant as a service to the community. It is an introduction to Wiener measure, 
hence path integration, and to the Feynman-Kac formula on Riemannian manifolds. The 
reader should be familiar with Riemannian geometry but no background in stochastics is 
required. Most results are not new; either they are contained somewhere in the literature 
or they are considered as folklore knowledge. 

There are excellent introductions and textbooks which treat stochastic analysis on man- 
ifolds, e.g. jGa64l IMcK69l iBisSTI HWSTI lEl82l lEm89l lHT94l [SttOOl IHsu02l . They tend 
to be written from the probabilist's point of view who wants to extend stochastic analy- 
sis on Euclidean space to manifolds. Therefore embeddings of the manifold into a high- 
dimensional Euclidean space are important or the frame bundle is used to transfer Brown- 
ian motion in R" to manifolds via the so-called Eells-Elworthy-Malliavin construction. 

We choose a different route. Embeddings and the frame bundle make no appearance; 
Euclidean space occurs only as a special case. The necessary measure theoretic and sto- 
chastic background is kept to a minimum and almost fully developed. The concept of 
stochastic differential equations will not be used. The starting point is the heat kernel 
p:SxSxM.—>-'M. canonically associated to an arbitrary Riemannian manifold S or, more 
generally, a suitable "transition function" on a metric measure. For Euclidean space this is 
the classical Gaussian normal distribution. 

We show that if a certain abstract criterion on such a transition function on a metric 
measure space S is satisfied, then this transition function induces a measure with good 
properties on the set Cxg ([0, T];S) of continuous paths emanating from a fixed point xq G 
S and being parametrized on [0,T]. There is also a version for the set CiJJ {[0,T];S) of 
continuous paths with fixed initial and end point. 

We check that the criterion is met for the heat kernel of a closed (i.e., compact and 
boundaryless) Riemannian manifold S. The case that S is compact but does have bound- 
ary can be reduced to the case of closed manifolds by a doubling trick. Finally, if S is 
an arbitrary Riemannian manifold, which need not be geodesically complete, a limiting 
procedure involving an exhaustion of S by compact subsets with smooth boundary yields 
the desired measures also in this case. The measure that one obtains on C^q {[0,T];S) is 
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known as Wiener measure and the corresponding stochastic process is Brownian motion. 
For ([0, T];S) one obtains the conditional Wiener measure and the Brownian bridge. 

If the end point is not fixed, we can let T — > oo and another limiting procedure yields 
Wiener measure and Brownian motion on Cxq {[0,°°);S). This is important if one wants to 
study long time asymptotic properties of random paths. It requires an assumption however; 
the manifold needs to be stochastically complete. The stochastically incomplete case can 
also be dealt with by passing to the 1 -point compactification of S, but we will be very brief 
on this. 

One nice feature of the approach based on transition functions is its extensibihty to more 
singular spaces such as Riemannian orbifolds. 

The paper is organized as follows. In the next section we use a classical tool due to 
Kolmogorov to construct stochastic processes given good transition functions. We then 
develop the Kolmogorov-Chentsov criterion which ensures that these processes have con- 
tinuous paths. The paths are actually Holder continuous of a suitable order. 

The criterion cannot be applied directly to the heat kernel on an arbitrary Riemannian 
manifold because the necessary uniform estimates will not hold in general. This is why we 
first consider closed manifolds, then compact manifolds with boundary, and finally pass to 
a limit to treat general manifolds. This is done in Section|3] 

In the subsequent section we consider normal Riemannian coverings. A typical example 
is the standard covering of Euclidean space over a flat torus or a flat cylinder. We show that 
projecting and lifting of paths are inverse operations which respect the Wiener measure. 

In the sixth section we compare the expectation value for the distance of a random path 
from the initial point after time t for Euclidean and for hyperbolic space. It turns out that 
for small time f \ the expectation values have the same asymptotic behavior but for 
f — > cxD it grows much faster for hyperbolic space. This is plausible because the volume of 
metric balls grows exponentially fast as a function of the radius in hyperbolic space while 
it only grows polynomially in Euclidean space. Therefore a random path in hyperbolic 
space is less likely to return to the relatively small neighborhood of the initial point than in 
Euclidean space. 

In the last section we provide a proof of the Feynman-Kac formula for Schrodinger 
operators with L°° -potentials. This is not the most general class of potentials one can treat, 
but we wanted to keep the technical effort at a reasonable size. 

There are three appendices which contain some technical material which would have 
interrupted the exposition of the main ideas. 

Acknowledgments. It is a pleasure to thank SFB 647 "Raum-Zeit-Materie" funded by 
Deutsche Forschungsgemeinschaft and the Max Planck Institute for Mathematics in Bonn 
for financial support. Special thanks go to A. Grigor'yan, S. Roelly and A. Thalmaier for 
helpful discussion. 

2. Constructing substochastic processes with continuous paths 

In this section we develop the necessary measure theoretic background. The aim is to 
show how transition functions with suitable properties on metric measure spaces lead to 
substochastic processes with continuous paths. 

Definition 2.1. Let (5,^) be a measurable spac43and let {Q.,£/,P) be a measure spaceQ 
We assume P(£2) < 1. Let / C M. A family {Xt)tei of measurable maps Xt : (£2,J2/) 
{S, SS) is called a substochastic process on £2 with values in S (and with index set /). 

This generalizes the usual terminology of a stochastic process where one assumes 
P{d) = 1. The construction of substochastic processes which we will demonstrate here 
is based on transition functions. 

'This means that 5 is a set and that .SS is a fj-algebra on S. 

^This means that {Q.,s/) is a measurable space and that P is a measure on .e/. 
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Definition 2.2. Let {S,£^,li) be a measure space and let T >Q. A function p: {0,T]xSx 
S — > [0,00], (t,x,y) I— > p,{x,y), is called substochastic transition function if for all i,f > 
and x,z G 5 one has 

(a) the map 5 x 5 — > [0,°°], {y,w) i~> Pt{y,w) is measurable with respect to the product 
C7-algebra of SxS, 

(b) IsPt{y,x)d^{y) < 1 , and 

(c) JsPt{z,y)p,{y,x)diJ.{y) ^ p,+,{z,x). 

The next definition follows ||Gro99l p. 113] where metric measure spaces are called 
mm spaces. 

Definition 2.3. A triple {S,p,lJ.) is called a metric measure space if {S,p) is a complete 
separable metric space and is a a-finite measure on the Borel (7-algebr£(j of S. 

Example 2.4. Let 5 be a connected (possibly non-compact) differentiable manifold 
equipped with a (7-finite measure jj, on the Borel cr-algebra. Then there is a complete 
Riemannian metric on S, and the induced Riemannian distance p makes {S,p,jJ.) a metric 
measure space. 

The main result of this section are the following two existence theorems: 

Theorem 2.5. Let (5,p,/i) be a metric measure space, let T > 0, and let p be a sub- 
stochastic transition function on S. Wefixxo € S. Suppose there are constants a,b,C,e > 
such that for any y € S and for any T € (0, e) one has 

(1) j^p{z,yr p,{z,y)d^{z) 

Then there exists a measure space {Q,,£/,P) with -P(£2) < 1 and a substochastic process 
(Xt)te[Q.T] o^ ^ with values in S, which has the following three properties: 

(i) Yo = xq; 

( ii) for any n g N, any < fi < . . . < t„ ~ T and any Borel set B d S" = S x ■ ■ ■ x S (n 
times) one has 

PHY,, , . . . , yj e B) = p ({ 0) e i2 1 (y„ (CO), . . . ,y,„ (»)) e b}) 

= / 1b{xi , . . . ,X„)/?r„_r (x„,X„_i) • ■ ■ Ph-,, {x2,Xi)p, {xi,Xo)dlJ.{xi) ■ ■ ■ djJ.{xn); 

Js" 

(Hi) {Yt)te[o,T] f^'^s Holder continuous paths of order 9 for any 9 G {0,b/a). 

Here 1^ denotes the characteristic function of B C S". Property ^ means that Y(){co) = 
XQ for all ft) € n and similary (Iml i means that the map y.(ft)) : [0,T] S, given by f 
Yt{o}), is Holder continuous of order 9 for all O) G H. From (jn]) we immediately get that 
f(n) =P{(0 e i2 I Yt{co) e S) = fsPT{xi,xo)dlJ.{xi) < 1, i.e., in general, P will not be a 
probability measure. 

In Theorem l2.5l we have prescribed the initial point xq of the paths of the substochastic 
process {Yi)f^p jy In the second existence theorem we prescribe both the initial and the 
end point. This requires stronger assumptions; the integral condition ([T]| is replaced by the 
corresponding pointwise condition. 

Theorem 2.6. Let {S,p,li) be a metric measure space, let T >0, and let p be a substochas- 
tic transition function on S. We fix xqiJo € S. Suppose there are constants a,b,C,£>0 such 
that for any z,y ^ S and for any T G (0, e) one has 

(2) piz,yrpr{z,y)<C-T'+'. 

Then there exists a measure space {Q,,£/,P) with < 1 and a substochastic process 
(y;);g[Q J] on Q, with values in S, which has the following three properties: 
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(i) Yo = xo andYj ^ya; 

( ii) for any n G N, any Q <ti < ... <t„ <T and any Borel set B d S" one has 

P , . . . , FJ e B) = P ({ 0) e £2 1 (F„ (0)), . . . , y,,, (0))) e B}) 

= / 1b(xi, . . . ,x„)pT-r„{yo,Xn)pt„-t„_i (x„,x„_i) • ■■pt2-ti {x2,xi) pt, {xi,xo)dn{xi)- ■■dn{x„); 
Js" 

(Hi) (i'r)re[o,r] h'^'' Holder continuous paths of order 9 for any 9 G {0,b/a). 

For the construction of £2, P and {Yt)t(:[o,T] we will use classical results of measure 
theory (with slight modifications). For the convenience of the reader we will present a 
review of these results. 

For any set F let denote the set of all maps F S. Given two subsets GcF C [0,T], 
one has the natural projection 

given by restricting maps F — >■ 5 to G. For t e [0,T] we abbreviate n[ :~ n^^y and if 
F = [0, T] we write ttg := t^q and Ut := = n^^y 

For F C [0, T] the product a-algebra is defined as the smallest a-algebra on for 
which all projections nf : 5^ 5 are measurable maps, t E F. It follows that the natural 
projections TTg : 5^ — > are measurable maps with respect to the (7-algebras and 

Remark 2.7. For any substochastic process (^r)(G[o.7'] on (£2, with values in {S,3§) 
and any o G £2 the path X,{co) G S'^^'^^ is defined by f i-> Xt{co). Then (^r)re[o,r] induces a 
measurable mapX : (£2,^/) ^ (^P'^l,^!"^^!) given by O) H^X.(a)). 

Definition 2.8. Denote the set of all finite subsets of [0,7] by ^o{T) ^ {F C [0,T] \ 
F finite}. A family {PF)Fe!^Q{T) of finite measures on {S^ is called consistent if 

(nlj) Jf^Pg for all G, F e ^0 (7^) with GcF. 
In other words, Pf {{n^y\B)) = Pg{B) for any B £ SS^ . 

Remark 2.9. All measures in a consistent family {PF)Fe3^o{T) have the same total mass 
because if G d F, then Pf^S'') = Pp {{7t^)-^ (S^)) = PdS^). 

Lemma 2.10. Let {S,p,li) be a metric measure space, let p be a substochastic transition 
function on S, and let T > 0. We fix xo^yo G S. Then for any finite subset F = {0 < t\ < 
...f„ < r} C [0,r] one gets finite measures Qf and Qf on (S^ by setting for any 

(3) Qf{B):= / lB(.Xl,...,X„)pT-i„(z,Xn)Pt„-t„_i(Xn,Xn-l)---pt2-ti(x2,X])y. 

Js"+' 

xpn {xi,xo)dn{xi)- ■■dll{xn)djx{z) 

and 

(4) Qf{B):= / lBixi,...,x„)pT-t„iyQ,x„)pt„-t„_i{x„,x„_i)---p,2^,^{x2,xi)x 

Js" 

X p,, (jc 1 , ^0 ) (x 1 ) • • • (x„ ) . 
Furthermore, both families {QF)Fe&'o(T) o'^d {QF)Fe,!^oiT) '^''^ consistent. 

If f 1 = in (O or in then one uses the convention that po{xi,xo)diJ.{xi) — ddx^ixi) 
means integration with respect to the Dirac measure supported at xq. Similarly, if t„ = T, 
one understands pQ{z,x„)dii{xn) ~ d5,{x„). 

Proof of Lemma \TTU\ In order to check consistency of (Gf)/? ^/^^(t-) or of 
{QF)Fe:^o(T) it suffices to consider finite subsets G C F of [0,T] of the form 
F ^ {ti < ... <ti_i <s <ti... <t„} and G = {fi < . . . < f/_i < f/ . . . < f„}. We 
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abbreviate the corresponding projection by n. For any B E SS'^ we note that 
\b[x\,...,x„) = . . . . . .x„) for all jci, . . . ,x„,y € 5. We compute: 

QF{n-'{B)) 

= / , ^7:-HB)ixi ■ ■ ■ ,Xl-uy,Xi . . .X„)pT-,„{z,X„) ■ p,^^t„_i{Xn,Xn-l) ■ ■ ■ Pti-s{xi,y)x 

X {y,xi-\)- ••/?(, (xi,xo)(i/i(xi) • ■ ■ dll{xi_i)d^{y)d^{xi) . . .dn{x„)dn{z) 

1b(xi, . . . ,x„)pT-t,Xz,Xn) ■ Pt„-t„_, (x„,x„_i) • ■■p,^ {xi,xo)dii{xi). . .dn{xn)d^{z) 



= Qg{B), 

where we used Property (jcjl of the substochastic transition function. The family 
(Gf)fg,3^o(7') is treated similary. □ 

The next theorem is a classical tool for the construction of (sub)stochastic processes 
when their finite-dimensional distributions are given in terms of consistent families. 

Theorem 2.11 (Kolmogorov). Let S be a complete separable metric space with Borel o- 
algebra 38. Let T > 0, and let {PF)Fe.i^o(T) consistent family of finite measures on 
[S^ , Then there exists a unique finite measure P on ( S^^''^\S§^^''^'^ ) such that 

(5) {nF),P = PF for all finite F C [0, T] . 



Proof. By Remark |Z9l all measures Pp have the same total mass m, say. If m = 0, then the 
trivial measure P = satisfies (|5]|. We notice that the (7-algebra .^P'^l is generated by 

u 

^ := I Pi n-\Ui) « e N, < fi < . . . < f„ < r, and t/i, . . . ,f/„ C 5 openj, 

i=\ 

which is stable under n. Since in the case m = any measure satisfying (|5]l is zero on 
P = is the only such measure. 

For the case m = 1, the proof of this theorem can be found e.g. in MBau95 ', Thm. 35.3] 
or in ||Dud03 Thm. 12.1.2]. Then the measure P has again total mass 1. The fact that S is 
a complete separable metric space enters when showing the (7-additivity of P. 

In the general case m > 0, we can consider the family {■j^^Pf)f and thus reduce to the 
case m= I. □ 

Corollary 2.12. Let (5,p,/i) be a metric measure space, let T > 0, and let p be a sub- 
stochastic transition function on S. We fix xo,yo G S. 

Then there exists a measure space (fi, P) with P(£2) < 1 and a substochastic process 
(X^)fg[o j-j on Q, with values in S having Property (jnl in Theorem \2.5\ and such that Xq{o}) = 
xq holds for almost all O G H. 

Moreover, there exists a measure P on (n,^/) with P{Q.) < 1 and a substochastic pro- 
cess (^r)rG[o,r] on H with values in S having Property dnjl in Theorem \2.6\ and such that 
Xo(C()) = xq andXrico) = yo hold for almost all 0) € Q,. 

Proof We choose {Q.,£/) (^P-^l , .^["■^l). We apply Theorem IZTT] to the consistent 
family (Gf)/^ G,5?o(r) from Lemma 12.101 and we get a measure P on (H, £/). Setting Xt := 
Tit : S^^'^^ — > 5 we obtain an 5-valued substochastic process {Xt),^ioj]. When we insert Q 
into condition (|5]l, we recover exactly Property ^ from Theorem l2.5l From 

P{{(0 e I Xoico) ^ xo}) ^ PiKa'ixQ)) = (;ro)*^(N}) = Qq{{xo}) 

l)^_^^}{xi)pT-oiz,xi)dd:,g{xi)dii{z) = J^pTiz,xo)dn{z) = eo(5) =P(i2) 
we see that Xo{co) = xq holds for almost all co eQ.. 
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Similarly, applying Theorem 12.111 to the consistent family {Qf)f€3^q{t) from 
Lemma l2.10l and we get a measure P on (O,^). Again putting Xt := TT, : 5^'^' — > 5 we 
obtain an S'-valued substochastic process (^r)ie[o,r] having Property dnji in Theorem 12.61 
As above one checks that Xo{co) = xq and Xt{co) — yo hold for almost all co ^ CI. □ 

Remark 2.13. In the situation of Corollarv l2.12l we consider F = {0 < ti < ■ ■ ■ < t„ < T} 
and a function h: = S" —?' [— oo^oo] which is integrable with respect to the measure Qf 
or nonnegative measurable. We set f := honp : S'^^-^^ — > [—00,00]. Functions of this type 
are sometimes called cylindrical functions. From (O we get by the general transformation 
formula that 

j^JdP= f hd{{nF),P)^ [ hdQp 

= / h{xi,. . . ,X„)pT-t„{z,Xn)Pt„-t„_i (jc«,JCn-i) • --Pti {xi,xo)djj.{xi)- ■■dli{xn)djx{z). 
Similarly, using the measure P instead of P, we get 

= / h{xi,...,Xn)pT-t„{yO, Xn)Pt„-t„_i (X„ , X„_ 1 ) • • • (Xl , XQ (X 1 ) • • • t/^ (X„ ) . 

Js" 

Next, we want to modify this substochastic process such that its paths are continuous. 

Definition 2.14. Let X — (^r)rG[o,r] ^^'^ ^ — {Yt)te[o.T] be substochastic processes on 
(Q.,S!/,P) with values in (5,^). One calls Y a version of X if X, = almost surely for 
every t G [0, T], i.e., 

P{{coeQ.\Xt{co)^Y,{co)}) =0. 

Remark 2.15. Any version (Fj), of the substochastic process {Xt)t constructed in Corol- 
lary |2?T2]again has Property dnji from Theorem l2.5l 

Example 2.16. We consider 5 = M equipped with the euclidean metric and the Lebesgue 
measure jj.. Then, for any T >0 the function /:> : (0, T] x R x M — > [0,oo) given by 

P'^''^y^-nit2 + l-y)2) 

is a substochastic transition function with jT^pt{y,x)dlJ.{y) — 1 for any x,}? e M and f > 0. 
The substochastic process (X,), constructed out of p as in Corollarv l2.12l is called Cauchy 
process. It is an example for a Levy process which coincides with its associated jump 
process (see e.g. |Pro9Q, Chap. 1.4] for the terminology). Hence [Xt)t is a pure jump 
process and does not possess any version with continuous paths. 

Example 12.161 shows that generally versions with continuous paths need not exist. A 
classical criterion for that is given by the following theorem. To that end we define the 

substochastic expectation of a measurable maps Z : — [0,oo) as 

E[Z] := / Z{(o)dP{(o). 
Jn 

Tlieorem 2.17 (Kolmogorov, Chentsov). Let (^r)rg[o.7'] be a substochastic process with 
values in a metric measure space (5,p,/i). Suppose there are constants a,b,C,£ > such 
that 

(6) E[p{X„X,y']<C-\s-t\^+'' whenever \t-s\<e. 

Then there is a version (i'()fg[o t] o/(^r)rG[o t] having Holder continuous paths of any order 

0e(O,^). 
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The proof is a modification of that of IIKal021 Thm. 3.23] and we give it in AppendixlB] 
Now we are in the position to prove Theorems 12.51 and 12.61 We show Theorem 12.51 the 
proof of Theorem l2.6l being analogous. 

Proof of Theorem \2.5\ We take the substochastic process constructed in Corollarv l2. 12l and 
verify that ([T]) implies ©I 

E[p{X,,XtY] = / p{z,y)" pT-t{w,z) p,-Az,y) pAy,xo)dlxij)dfi{z)dfi{w) 

JSxSxS 

< (/'^(^'^)" Pt-^^^^y) dfiiz)^ Ps{y,xo)dl^{y) 
<C-\s-t\'+'- J^pAy,xo)d^liy) 
<C-\s-t\'+'' 

whenever \t — s\ < e. Hence Theorem l2. 17l can be applied and yields a version (yr)rG[o,r] 
of (^r)(G[o.7'] having Holder continuous paths of any order 9 G (0, thus proving dm]) . 

From Corollarv 12. 121 we know that Xo{co) = xq and hence Y(){co) = xq for almost all 
to G n. By removing a null set from Q. we can therefore achieve io = xq, proving 

Finally, Remark l2. 15l shows that {Yt),fz\Q T] has Property □ 

Given T > 0, a point xq E S and a substochastic transition function p satisfying ([T]), we 
call an 5-valued substochastic process (i'r)fG[o,r] given in Theorem l2.5l a diffusion pro- 
cess generated by p with starting point xq. Now, we interprete any such diffusion process 
(Jt)re[Q.T] as a measurable map Y with values in (5'[*''"^1,^['''^1) as in Remark |Z7] From 
Theorem l2.5l it is clear that Y takes values in the set of continuous maps starting at xq, 

([0, T];S) :— {w. [0,T] ^ S \ w continuous and h'(O) = ^o} • 

Remark 2.18. A priori, C,o ([0, T];S) carries two natural a-algebras: the Borel a-algebra 
^1 generated by the compact-open topology and the trace (7-algebra which is given as 

^2^{Bn Go ( [0, r] ; 5) I B e ^P-^l } . 

For both of these <7-algebras 

r " 
S':=lEn Co ([0, r];5) I £ = Pi tt,?' (C/,) for some < fi < . . . < f„ < T 

and open subsets Ui, . . . ,U„ (1 
forms a generator Hence both a-algebras coincide, :='rfi = '^2- 

Therefore F is a measurable map (H, £/) — > (Cx^ ( [0, T] ; 5) , and Y induces a measure 
W.,0 on (Co ([0, T];S),'^) by W.^o := In other words, 

W,o(C)=P({a)|y.(a))eC}), 
for any C G We conclude: 

Corollary 2.19. Let (5,p,/x) be a metric measure space, let T > and let p be a sub- 
stochastic transition function. We fix xq € S. Suppose there are constants a,b^C,£ > 
such that for any y € 5 and for any T G (0, e) one has 

(7) l^p{z,yr Pr{z,y)d^{z)<C-T'+'. 

Then there exists a unique measure W^o on {Cxq ([0,r];5) such that 

(8) W,o ( { w e Co ( [0, r] ; 5) I w(f 1 ) e f/i , . . . , w(f„ ) e f/„ } ) 
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for any n g N, any < ti < . . . < t„ = T and any open subsets Ui, . . . ,Un G S. 

Moreover, for any 9 G {0,b/a) the set of Holder continuous paths of order 9 has full 
measure in (Qq ( [0, T] ; 5) W^q ) . 

Proof. The existence of W.^p is clear by the above discussion. Since S is stable under n 
and the values of W.vq for elements in S are given by (O, there is at most one measure W^q 
as in the theorem. □ 

For jccjo e 5 we put 

C?«([0,r];5):={weG„([0,r];5)|vv(r)=3'o}. 

Again, the Borel (7-algebra and the trace (7-algebra on C]^ {^,T];S) coincide and are de- 
noted by Then we get similary 

Corollary 2.20. Let {S,p,ll) be a metric measure space, let T > 0, and let p be a 

substochastic transition function on S. We fix XQ,yo € S. Suppose there are constants 
a,b,C,£ > such that for any z,y G S and for any X € (0,e) one has 

(9) piz,yrpriz,y)<C-T'+''. 

Then there exists a unique measure Wxjj on (CxJJ ([0,r];5) such that 

(10) W^°({weC>j;([0,r];5) |w(fi) e f/i,...,w(f„) e 

= / lUiX...xU„{x\, ■ ■ ■ -.Xn) pT-t„{yo,X„) ■ ■ ■ pt^^tl{x2,X\)p,^{xl,XQ)dll{xl) ■ ■ ■ dli{xn), 

Js" 

for any n S N, any < ti < . . . < t„ < T and any open subsets Ui, . . . ,U„ G S. 

Moreover, for any 9 € {0,b/a) the set of Holder continuous paths of order 9 has full 
measure in {C^^ ( [0, T];S) ' ' □ 

Definition 2.21. Let {S,^,li) be a measure space, let T > Q, and let /? be a substochastic 
transition function on S, furthermore let xo,yo e 5. A measure W.vq on (C-cg ([0, T];S) 
with Property ^ is called Wiener measure induced by p. 

A measure W^jJ on (Cvq ([0,r];5) with Property (fTOl i is called conditional Wiener 
measure induced by p. 

Remark 2.22. The proof of Corollary 12.191 shows that given a substochastic transition 
function, there is at most one Wiener measure for each xq. If it exists, it has total mass 
(G„ i[0,ns)) = JsPTiz,xo)d^iiz) < 1. 
Similarly, there is at most one conditional Wiener measure for each xq and yo. It has 
total mass {C?, i[0,T];S)) = priyo.xo). 

Remark 2.23. Suppose the Wiener measure exists for the substochastic transition function 
p. We consider a cylindrical function f — honp '■ Cx^ ([0,r];5) C ^I"'^' [— oo^cxj] as in 
Remark l2.13l Then we have 

/ f{w)dWx,{w)^ [ h{w{ti),...,w{tn))dWx,{w) 

= / h{xi, . . . ,x„) p,^^^, {xn,x„^i) ■ ■ ■ pt2-ti{x2,xi)p, {xi,XQ)dn{xi) ■ ■ ■ dn{x„). 

JS" 

Similarly, for a cylindrical function f ~ hoTtp : Cl^ ( [0, T];S) G 5'"'^' — > [—°°, °°\ we get 

/ f{w)dWyiiw)^ [ h{w{ty),...Mtn))dW^^{w) 

= I h{xi, . . . ,Xn) pT-r„{y(hXn) ■ ■ ■ Pt2-ti{x2,xi)p,i{xi,xo)djJ.{xi) ■ ■ ■ djj.{x„). 
Js" 
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The next lemma says that the Wiener measure can be obtained from the conditional Wiener 
measure by integration over the endpoints. 

Lemma 2.24. Let be a measure space, let T > 0, and let p be a substochastic 

transition function on S. Suppose the induced Wiener measures W^q and the induced rel- 
ative Wiener measures W^g exist for all XQ,yQ G S. Let f : {[0,T];S) — > [— °o, be 
integrable with respect to W^q or nonnegative measurable. Then we have 



(11) 



/ f{w)dW,,{w) = ( ( f{w)dWlliw)d^iiyo). 



Proof For every t E [0, T] the evaluation map tt, : Caq([0, r];5) — > S, defined by w i— >■ w(f), 
is continuous and therefore measurable w.r.t. This shows that 

C^{[0,ns) = 7:T-\yo)cC,,{[OJ]-S) 

is a measurable subset, and hence the restriction of any measurable function / on 
{[0,T];S) yields a measurable function on Clg ([0, T];S). 

The next argument is routine in measure theory; it is known as the good sets principle. 
We put 

^ := {A e -if I (HB holds for / = 1^} 
and notice that is a Dynkin systemQ A generator of the d-algebra "rf is given by 

^ = I Pi 7t-\Ui) C ([0,r];5) « e N, < fi < . . . < f„ < r, and f/i, . . . ,f/„ C 5 openj. 
(=1 

From the formulas in Remark [2.231 we get that § <Z '3. This implies = '3 since S is 
stable under n und generates 'rf sls a (7-algebra0 

By linearity of integrals it follows that (fTTI) is true for step functions, i.e. functions of the 
form Y!i=i oIiIa; with a,- G R and A,- e 'ta. If / is nonnegative measurable we approximate 
/ by nonnegative step functions pointwise and monotonically from below, and monotone 
convergence shows that ( fTTl i also holds for nonnegative measurable functions. 

Finally, let / be integrable with respect to W^q. We apply (fTTI) to |/| and get from 
integrability that, for /i-almost all yo e S, 

\f{w)\dw>:»^{w)<^. 

c;o([o,r];S) 

We approximate / by step functions /„ such that |/„ | < |/| for any n and /„ — !• / pointwise, 
(fTTT i holds for every /„ and dominated convergence concludes the proof. □ 

The next lemma is a slight generalization of the Lemma on p. 279 in IIRS75I whose proof 
is sketched as exercise 65 in |RS75 p. 347], It states that any given null set is avoided by 
almost all paths for almost all the time. 

Lemma 2.25. Let {S^SS^pi) be a measure space, let xq £ S, let T > and let p be a 
substochastic transition function on S. Suppose the induced Wiener measure W.^^ on 
Cxq([Q,T];S) exists. Let B E SS be a null set, ll{B) = 0. Denote the Lebesgue measure 
on [0, T] by A. We put 

WB = {weC,o([o,r];5) I X{w-\b)) = q]. 

Then its complement Cx^ ( [0, T] ; 5) \ Wb is a W^q -null set. 



^This means £ S*, for any Si one has A'^ ^ & and for any sequence (A„)„>i of pairwise disjoint sets in 
& one has [J A„ e @. 

n>\ 

^Here we have used a standard fact from measure theory fBau90' Satz 2.4]: Let a set system <S be stable under 
n, then the Dynkin system generated by S coincides with the fj-algebra generated by S. From that we conclude 
in the above situation that 'la C S>, and therefore 'la = S. 
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Proof. On ^(,([0,7"]; 5) x [0,r] we consider the product (7-algebra of "^^ and the Borel 
a-algebra of [0, T] . For any n > 1 we define the map F„ : Cxg {[0,T];S) x [Q,T] — > 5 by 

F„(w,f)=w(^) for ^<f< thi. 

In order to see that F„ is measurable we argue as follows: For any T G [0, T] denote the 
evaluation map tt^ as in the proof of Lemma 12.24 1 The product sets of the form Ax [a,b], 
where A e and < a < b < T, generate the CT-algebra of Cvo([0, T];S)x [0, T]. Hence 
for any C £ 3§ the preimage 

is a measurable subset of Cxq{[Q,T];S) x [0,r]. Therefore/^,, is a measurable map. 

Now we consider the map F : Cxg{[0,T];S) x [0,T] — > S given by (w,f) i-> w(f). We 
note that F is the pointwise limit of the sequence of measurable maps (f„)„>i, and hence 
F itself is a measurable map. This implies that 

F-\B)^{iw,t) I w(f)eB}cG„([0,r];5)x[0,r] 

is a measurable subset. Since B is a null set, property (O of the Wiener measure gives for 
every t e[0,T] 

W.vo {nr^B)) =J^J^pT-,ix2,xi)pt{xi,xo)dn{xi)dlx{x2)^0. 
We denote the product measure by W.vq <Xi A and apply Fubini's Theorem twice: 



= W,o®A(F-i(B)) 




whichshowsthatCvo([0,r];5)\WB = {w | X{w-^{B)) > 0} is a W.VQ-nuU set. □ 
3. Wiener Measures on Riemannian Manifolds 

From now on the metric measure space will be a connected Riemannian manifold S, pos- 
sibly with nonempty boundary. Let p be the Riemannian distance function on S and dj^ 
the Riemannian volume measure induced by g. The Laplace-Beltrami operator A acts on 
smooth functions with compact support in the interior of S. In local coordinates, A is given 
by 

In case of a closed Riemannian manifold, A is essentially selfadjoint in the Hilbert space 
L?{S,dji) of square-integrable functions. In general, there always exists a selfadjoint ex- 
tension, known as the Friedrichs extension, because A is a nonpositive operator. If 5 is a 
compact Riemannian manifold with boundary, the Friedrichs extension coincides with the 
Laplace-Beltrami operator with Dirichlet boundary conditions imposed. In the following 
we will always use the Friedrichs extension and denote it again by A. 

For f > the bounded selfadjoint operator e'^ on l?{S^dji) can be defined using func- 
tional calculus. By elliptic theory, e'^ is smoothing and its Schwartz kernel [x^y) depends 
smoothly on all variables x,y E S and f > 0. The kernel nt{x,y) is called the heat kernel 
because e'^ is the solution operator for the heat equation|j It has the following properties: 

Pt{x,y) > 0; 



''In stochastics it is customary to consider the kernel of e'^^^ instead of e"^. For all that follows this modifica- 
tion is irrelevant. 
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Pt{x,y) = Pt{y,x); 
Pt+s{x,y) = I p,{x,z)p,iz,y)dfi{zy, 

JM 

/ pt{x,z)dii{z) < 1 

JM 

for all x,y E S and f > 0. In particular, the heat kernel is a substochastic transition function. 
Moreover, the heat kernel approximates the delta function as f \ in the sense that for any 
compactly supported continuous function u : S ^M. and any y in the interior of S we have 



hm / u{z)p,{z,y)d^{z) ^u{y). 
t\oJs 

Definition 3.1. If the heat kernel p of Riemannian manifold S satisfies the conservation 
property 

J^p,iy,x)dn{y) = 1 
for some x G S and some f > 0, then one calls S stochastically complete. 

Remark 3.2. If 5 is a stochastically complete Riemannian manifold, the conservation 
property holds for all x & S and all t > 0. In IIGri99ll several criteria for stochastic com- 
pleteness are discussed. For example, geodesically complete manifolds with a lower Ricci 
curvature bound are stochastically complete. This applies in particular to closed Riemann- 
ian manifolds. 

3.1. Closed Riemannian manifolds. We start with the simplest case where the manifold 
is compact and has no boundary. 

Proposition 3.3. Let S be a closed connected Riemannian manifold. Then its heat kernel 
Pt{x,y) satisfies the estimate ^ from Corollarv \2.19\ for any b eN and a ^2b + 2. 

Proof. There exists a 5 > such that p {x,y)'^ is a smooth function on the set of {x,y) with 
p{x,y) < 25. We chose a smooth function p :M y. M ^ [0,°°) such that p(x,y) coincides 
with p{x,y)^ if p[x^y) < 8 and p > everywhere. It suffices to show 



(12) [p{z,yr/^priz,y)d^{z)= [ piz,yf+' Priz,y)d^{z) <C -z 

Js Js 



l+b 



for ally E S and all positive T. 
We fix y e 5 and put 



/(f):- J^piz,y)'+' pr{z,y)d^{z). 



Since the heat kernel approximates the delta function as f \ and p{y,y) — p{y,y)^ = 0, 
we have 

/(f) -^0 asf\0. 

We compute 



fit)= j^~p{z,yf+'^-^{z.y)dii{z) 
= jp{z,yf+' ^Mz,y)dpi{z) 
= jA,{p[z.yf+')p,{z,y)d^[z). 



Here Aj. denotes the Laplace-Beltrami operator applied to the z-variable. Since z ^ 
p(z,y)*+' = p(z,3')^''+^ vanishes to order 2^ -|- 2 at z = y, the function z i-> Aj. (p(z,y)''+') 
also vanishes at z = y and we get again 

f{t)^0 asf\0. 
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Inductively we get for the A:* derivative of /: 
and thus 

(13) /*^)(f)^0 asf\0 

for all k < b. By compactness of M, there is a constant C such that 

|Afi(p(z,yr')|<C 

for all y,z&S. Hence 

(14) < /jA^+i(p(z,y)'^+i)| pr{z,y)d^i{z)<C. 
Now (flJT l and (fl4l i combine to give 

m= f r ■■■ f" f'+'Kh+,)dth+vdh <c•T^+^ 

Jo Jo Jo 

thus proving inequality ( fT2b with a constant C independent of y and T. □ 



Remark 3.4. Proposition l3.3l and its proof carry over without changes to closed connected 
Riemannian orbifolds. See IIChi90ll for basics on the Laplacian and its heat kernel on 
orbifolds. 

By Corollary 12. 191 this implies: 

Corollary 3.5. For any closed connected Riemannian manifold S and any xq e S, the heat 
kernel induces a Wiener measure W^q on {Cxq ([0,7"]; 5) j*^) . 

For any G (0, 1 /2) the set of Holder continuous paths of order 9 has full measure in 
(C,„([0,r];5),'r,W,-„). 

Proof. The statement on Holder continuous paths is true for all 9 G (0,1/2) because ^ = 
_^^ias/7^oc. □ 

Next we check Condition ^ in order to apply Corollarv l2.20l 

Proposition 3.6. Let S be a closed connected Riemannian manifold. Then its heat kernel 
Pt{x,y) satisfies the estimate ^ from Corollarv \2.20\ for any b if the dimension n of S 
is even and G N + A ifn is odd and a — 2b + n + 2. 



Proof. The proof of Propostion l3.3l is based on repeated integration by parts and does not 
yield the required pointwise estimate. Therefore we follow a different approach based on 
the asymptotic heat kernel expansion of Minakshisundaram and Pleijel IIMP49I . It says 
that there are smooth functions a ^ : 5 x 5 — > K such that for all e N 

p,ix,y) = (47r0-"/^-exp (-^%^) ' f «;(x,y)f^ +0(f^+^-"/2) as f \ 0. 

The constant in the 0(f"+'""/2) -term is uniform in x,y e S. 

Given bleta = 2b + n + 2. Putting := + | we get for all x,y e S and t e (0, T]: 

p{x,yrp,{x,y) = {4nt)-"/'-p{x,yY'-cxp(~P^) ■ f^aj{x,yy +0{t^+'-"/^) 



<Ci- ( ^V""''"-expr-^ ) ..'-^+0(r---"/^) 



4f y V 4f 



<C2-f''+'+0(f''+') 
<C,-t'+\ 
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For the second to last inequality we used that the function [0,°°) — > M, x i— 
^fc+n/2+i exp(-x), is bounded. □ 

Since again ^ = 2b+n+2 ^ 5 as ^ oo we get, using Corollary 12.201 

Corollary 3.7. For any closed connected Riemannian manifold S and any XQ,yQ G S, the 
heat kernel induces a conditional Wiener measure W^jJ on (C^g ( [0, T] ; 5) , . 

For any S (0, 1 /2) the set of Holder continuous paths of order 9 has full measure in 
(c4«([0,r];5)X,W:^°). ' □ 

Remark 3.8. By integration over the end point. Proposition 13.6 1 implie s Proposition l3.3l in 
a slightly weaker form concerning the conditions on the constants a and b. For our appli- 
cations concerning the construction of Wiener measure this would be sufficient. Neverthe- 
less, we have included the direct proof of Proposition 13 . 31 because it is more elementary 
and does not require any knowledge about heat kernel asymptotics. 

3.2. Compact Riemannian manifolds with boundary. Next we consider the case that 
the Riemannian manifold S is compact and connected and has a nonempty smooth bound- 
ary. The first lemma says that if S is contained in a larger Riemannian manifold of equal 
dimension, then it does not matter whether we use the instrinsic distance function of S or 
the restriction of the distance function on the larger manifold. 

Lemma 3.9. Let M be a connected Riemannian manifold and let D, d M be a connected 
relatively compact open subset with smooth boundary. Denote by Pm the Riemannian 
distance function on M and by the one on D,. 
Then there is a constant C > such that 

PM{x,y) < Pa{x,y) < C ■ pM{x,y) 

forallx,y G i2. 

For the proof see Appendix ICl 

Proposition 3.10. Let S be a compact connected Riemannian manifold with smooth bound- 
ary. Then its heat kernel pt {x,y) (for Dirichlet boundary conditions) satisfies estimates (O 
and (|9]l with the same exponents a andb as in Proposition \3 .3\ and Proposition W^ respec- 
tively. 

Proof. We isometrically embed S into a closed Riemannian manifold M of equal dimen- 
sion. For instance, forM we can take the topological double of S, i.e., the closed manifold 
obtained by gluing two copies of S along the boundary, and then choose a smooth metric 
on M such that S C M inherits its original metric from M. 
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Let q be the heat kernel of M, let Pm be the Riemannian distance function on M and pg 
the one on S. By Pi'oposition l3.6l we have (|9|l for pM and q, i.e., 

PM{z,yrq.{z,y)<C-T'+'. 

The maximum principle implies that p < q, see IICha84 l. Thm. 1 on p. 181]. Lemma [l!9l 
says Ps < C • Pm- Hence (|9]l also holds for ps and p with the same exponents a and b. 
The argument for estimate (|7]) is the same. □ 

As in the closed case, we find 

Corollary 3.11. Let S be a compact connected Riemannian manifold with smooth bound- 
ary, let XQ^yo G S. Then the heat kernel (for Dirichlet boundary conditions) induces a 
Wiener measure W^q on (C^q ([0,r];5) j*^^) and a conditional Wiener measure Wxq on 

(aS([o,r];5),^^).' 

In both cases, the set of Holder continuous paths of any order 9 e (0,1/2) has full 
measure. 

3.3. Open Riemannian manifolds. Now we pass to arbitrary connected Riemannian 
manifolds. Note that geodesic completeness is not assumed. 

The heat kernel on an arbitrary Riemannian manifold can be characterized as follows 
0Dod83l : Let 5 be a connected Riemannian manifold of dimension m. Let S' be an exhaus- 
tion by compact connected m-dimensional submanifolds with smooth boundary. 




Fig. 2 

For every / > 1 let p',(x,y) denote the heat kernel of S' (for Dirichlet boundary con- 
ditions). We extend these heat kernels p' to [0, T] x 5 x 5 by zero, i.e., for x G S\S' or 
y G S\S' one sets pl{x,y) =0. 

Then one gets monotone convergence to the heat kernel p of S, see IIDod83l Thm. 3.6]. 
This means that pl{x,y) < p\^^ {x,y) for every / > 1 and p\{x,y) — pt{x,y) as / oo holds 
foralljt;,ye5andf e [Q,T]. 

Remark 3.12. For any / > 1 and any T > one has 

C,o([0,r];5') =C,o([0,r];5)n n {w.[QJ]^S\w{s)eS'], 

iG[o,r]nQ 

and hence C,Q([0,r];5') C Cfg([0,r];5) is a measurable subset and similarly for 
(^°([O,r];50cC™([O,r];5). 

For any / > 1 Corollarv 13. 11 1 and Remark [2.231 give a measure W'^-^j on C^q ([0,r];5) 
with support in Cx^ ([0, r];5') such that for any n e N, any Q <t\ < . . . <t„ = T and any 
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Borel sets Bi, . . . ,B„ d S one has 

w; J { w e ( [0, r] ; 5) I w(f 1 ) e Bi , . . . , w(f„ ) e B„ } ) 
(15) 

= 1bix...xb„{xi, . . . ,x„) pI_,^_^{x„,x„^i) ■ ■ ■ p',^__,^{x2,xi)p',^{xi,xo)dix{xi) ■ ■ ■ dix{x„). 

Next, we need an elementary result from measure theory (compare ||Doo94| p. 30f]): 

Lemma 3.13. Let (£1,^) be a measurable space. For any i > 1 let A' be a measure on 
{Q,,£/). Assume that A' (A) < A'^' (A)/or any A G jz/ and any i > 1, and set 

A(A) limA'(A) e [0,°o] for any A e 

/— j.oo 

Then A measure on (£2, jz/). 

Proof. Obviously we have A (0) = 0, and we need to show the a-additivity of A . Let 
(Ai)i>i be a family of pairwise disjoint measurable subsets of £2. For any £ > 1 we have 

e e « ^ ~ 

^ A(A,) = ^ limA'(A,) = limA'(U A,) = A(U A,) < A(U A,). 

k=l k=l'^°° k=l k=l k=l 

As € — > °o we get 

(16) f A(A,)<A(Ua,). 

k=l k=l 

Conversely, the monotonicity of the sequence of measures give for any / > 1 
^■iljA,) = t^'iAk)<t^iAk)- 

k=l k=l k=l 

Letting ; — >^ oo we get A( IJ A/^) < ^ A(Ai^), which together with ( fT6l l shows the O- 

k=l k=l 

additivity. □ 

The next lemma states that the monotonicity of measures can be verified on a generator 
of the (7-algebra (see also |Els96, Satz 5.8]). 

Lemma 3.14. Let (fi, £/) be a measurable space. Let be a semiring on £2 which 
generates the <y -algebra . Let A and fJ, be two finite measures on si such that X(Cj) < 
/i (G) for every G € Then one has A (A) < /i (A) for every AGs/. 

Proof. For any G G we set v(G) = /x(G) — A(G) > 0. This yields a a-additive set 
function v : ^ — > [0,°°) on the semiring J# with v(0) — 0. By Caratheodory's Extension 
Theorem (compare e.g. 0Els96l Kor. 5.7]) one can extend v uniquely to a finite measure 
V : ^ — ?> [0,oo). The (7-additive set functions ji and A + v coincide on which generates 
s/ and is stable under n. Hence, we can conclude that /x(A) — A(A) + v(A) for every 
A G s/, and as v(A) > we are done. □ 

Now we consider A' — W^^ obtained as above. The a-algebra 'rf of Cx^ {[Q,T];S) is 
generated by the semiring 

n 

S'= I Pi ;r,7'(B,)nCxo([0,r];5) 1 < fi < . . . < f„ < T and Borel sets Bi, ... ,B„ c ^j. 



^This means & E'^ and for any G,H one has G n // 6 ^^ and the set GHH'^ can be written as the union 
of finitely many disjoint sets Gi , . . . . G,„ G 
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Since the kernels pl{x,y) increase monotonically in /, formula (fTSb shows that the mea- 
sures A' increase monotonically on 2f. By Lemma [3.14l these A' ~ W^^ form a monotone 
sequence of measures on Cxg ([0, T];S). For any measurable subset A G we set 

W,-o(A) lim Wi^(A) e [0, 1]. 

Then Lemma [3.13l savs that W.,q is a measure on C,^ ([0, Monotone convergence in 

(flSl l yields that W.,q is indeed the Wiener measure induced by the heat kernel of S. 

For the conditional Wiener measure the discussion is exactly the same. We summarize: 

Proposition 3.15. Let S be a connected Riemannian manifold without boundary, let 
xq^jq G S. Then the heat kernel induces a Wiener measure Wjcq on (C^q ([0, j*^) 
and a conditional Wiener measure W^j] on (C^q ([0, T]\S) j*^). 

In both cases, the set of Holder continuous paths of any order 9 G (0,1/2) has full 
measure. □ 

Remark 3.16. A direct construction of the (conditional) Wiener measure on arbitrary con- 
nected Riemannian manifolds using Corollary 12.191 or Corollary 12.201 seems impossible 
because the relevant estimates Q and ^ need not hold unless one assumes suitable re- 
strictions on the geometry. 

Remark 3.17. The bound 1/2 on the Holder exponent is sharp. On Euclidean space, the 
set of Holder continuous paths of order > 1/2 is known to be a null set, see IIPWZ33I 
Thm. VII] or MSim79l Thm. 5.4] for the case > 1/2. In particular, differentiable paths 
form a null set. 

3.4. Infinite patlis on stocliastically complete manifolds. Up to now we have consid- 
ered paths which are defined on compact intervals of the form [0,T]. In contrast to the 
conditional Wiener measure, the Wiener measure is defined on spaces of paths where 
the initial point is fixed but the end point is not. Therefore it is reasonable to consider 
C.VQ ( [0, °°)',S) = {continuous paths w : [0, 0°) — > 5 | w(0) — xq} and define Wiener measure 
on this space. Again, Cxo([0,oo);5) is equipped with the Borel a-algebra induced by the 
compact-open topology. 

Definition 3.18. Let p denote the heat kernel of S and let jcq G 5. A measure W.vq on 
(Cvo ([0,oo);5) ,<^) is called Wiener measure induced by the heat kernel if 

(17) W,„ ( { W G C,o ( [0, 00) ; 5) I w(f 1 ) G f/i , . . . , w(f„ ) G f/„ } ) 

lu,x...xUn(xi, - ■ ■ ,X„) p,„^t„_i{Xn,Xn-l) ■ ■ ■ Pt2-h{x2,Xi)pt,{xi,Xo)dlJ.(xi) ■ ■ - dliiXn), 



IS" 

for any n G N, any < fi < . . . < ?„ and any open subsets Ui, . . . ,Un C S. 

Again, the Wiener measure is unique if it exists. 

Proposition 3.19. Let S be a stochastically complete connected Riemannian manifold 
without boundary, let xq G S. Then the Wiener measure 'Wxq on (C,o([0,°o);5),^), which 
is induced by the heat kernel, exists. 

The set of locally Holder continuous paths of any order G (0, 1/2) has full measure. 

Proof. For T > Q consider the extension map extj- : Cxq{[Q,T];S) Cxq{[0,°°);S) which 
prolongs each path w G Cto([0, T];S) by its value at T, i.e.. 



ext7'(w)(f) 



w{t) iffG[0,r]; 
w{T) iffG[r,oo). 



This map is continuous with respect to the compact-open topology and hence measurable. 
Then A7 := (ext7-)*(Wxo) is a measure on Cxg{[0,°°)',S). For < fi < • • • < f„ we denote 
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the canonical projection by ;r{,j : S^^'°°'> ^{'i. -.'"}^ and as in Section|2]let ^{'i' - A>} 
be the product a-algebra on ^{'i ■■ 'n}. We consider the rin^of cyhnder sets 

^ = {n^^l J (B) n C,-o ([0, 1 < fi < . . . < f„ and B g '"^ } . 

We notice that d-algebra is generated by Given a cyhnder set Z = {w g 

C,o([0,°o);5) I (w(fi),...,w(f„)) gB} where 0<fi <•••<?„ and B g ^{'i'-''"} and given 
72 > Ti > f„ we check, using stochastic completeness, 

Ar2(Z)=W,„(extr;(Z)) 

= W,„({w g Cvo([0,r2];5) I (w(fi), . . . ,w(f„)) g B}) 

= / 1bx5(-X1 , ■ ■ ■ ) /Tz-rn {Xn+uX„) ■■■p, {xi,X())djX {xi)---djX {Xn+l) 

= / 1b(xi, . . . ,Ji:„)p,„_(„_, (x„,x„_i) • • -p,, (xi,xo)<iA'(-*^l) • ■■d^l{xn) 

JS" 

= / 1bx5(-*^i, • • • ,Jc«,-««+i)P7-i-f„(x„+i,x„) ■■■p, {xi,xo)dlx{xi)- ■■dii{x„+i) 

= W,„({wgC,o([0,ri];5) I (w(fi),...,w(f„)) gB}) 
= Ar,(Z). 

In particular, the limit A (Z) limj-^oo Xt{Z) exists for all cylinder sets Z. We have defined 
a finitely additive function X on the ring of cylinder sets ^ with values in [0, 1]. Now, if 
(Z„)„ is a sequence of cylinder sets with Z„ C Z„+i for all n and Z^ = [j„Zn g then for 
sufficiently large T we have X{Z„) — Xt{Z„) for all n and A (Zoo) = Ar(Zoo), and therefore 

lim A(Z„) = lim Xt{Z„) = Xt{Z^) = A (Zoo) 

n^oo «— ^oo 

because Aj- is a measure. By IEls96l Satz 1.10] this shows that A is a-additive on and 
Caratheodory's Extension Theorem applies. As ^ is stable under n we can extend A in a 
unique manner to a measure on the (7-algebra generated by the cylinder sets. This is 
the wanted Wiener measure Wxq on (Cxg ( [0, 0°) ; 5) . 

By construction, it is induced by the heat kernel. Fix g (0, 1 /2). It remains to show 
that locally Holder continuous paths of order 9 have full measure for W^q . Let ^ be the 
complement of the set of locally Holder continuous paths of order 9 in Cxo{[Q,°°)',S). We 
have to show that ^ is a null set. Now ^ = Ur=i ^ where 

^k — ^Cxo{[0,°°)',S) I w|[o.it] is not Holder continuous of order } . 

Hence it suffices to show that each ylj^ is a null set. Let e > 0. Since :— {w|[ojt] | w g 
^} is a null set in CxQ{[Q,k];S), we can cover yfi by countably many cylinder sets Z„ in 
C^{[0,k];S) such that I„ W,o(Z„) < e. Now Z„ := {w g C,o^([0,c«);5) | w\[o.k] e Z«} is a 
cylinder set in Cxg{[0,°°);S) with W.v(,(Z„) = Xk{Z„) = Wx^iZn)- Hence we have 

^ C Q Z„ and ^ W,o (Z„) = £ W,^ (Z„) < e. 

«=1 n n 

Thus ,yVk is a null set. □ 

Remark 3.20. Let 5 be a stochastically complete connected Riemannian manifold with- 
out boundary, let xq g S, let T > 0. The heat kernel induces a Wiener measure W^q 
on Cxo{[Q,°°)\S) and another one W\ on C.g ([0, r];5). Let restr : ([0,°o);5) -> 
([Ojr];^) denote the restriction map w 1— > wljor]. Then the two Wiener measures are 
related by 

W,^ = (restr )*W,o. 



'A sy.stem of sets ,^ is called a ring if e ,3? and for any G,H <^.^ one has GUH e and G\H eM. 
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This equality can be easily be verified for cylinder sets in ([0, T];S), which form a gen- 
erator that is stable under n, hence it also holds on the whole a-algebra on ([0, T];S). 

Remark 3.21. For a stochastically incomplete manifold S, this construction will in general 
yield the zero measure on Cvg ([0,°°);5). One can rectify the situation by replacing S by its 
1 -point compactification S := 5U {oo}. The Riemannian volume measure of S is extended 
to a measure /i on the Borel (7-algebra ^ of 5 by giving {oo} measure 1, i.e. fl — IJ. + 5oo. 
The heat kernel p of 5 is extended to a transition function p on Shy 

Pt{x,y) ifx,yg5, 

\ — jgPt[w,y)d^{w) if y G 5 andx = oo^ 

if X e 5 and y 

1 \fx—y^°°. 

The idea is that now paths can leave S and go to infinity in finite time. The probability of 
having left S after time t is complementary to that of staying in S. Once arrived at oo, the 
probability of returning to S is zero. 

One checks easily that /? defines a substochastic transition function on {S,3§,Il) as in 
Definition 12.21 The total measure J^pt{x,y)dfi{x) is now equal to 1 as for stochastically 
complete manifolds. 

Again, one equips Cxo{[Q,°°)',S) with the Borel (7-algebra induced by the compact- 
open topology. A limiting procedure can be used to show existence and uniqueness of 
Wiener measure on (Cto([0,oo);5)/^), i.e., of a W^q such that 

(18) W,„ ({ w e C,-o ( [0, oo); 5 ) I w(f 1 ) e c/i , . . . , w(f„ ) e f/„ } ) 

= L ^Uix...xu„ixi,---,Xn)pt„-t,,_i{x„,x„_i)---pt,-tiix2,xi)p,^{xi,xo)dfi{xi)---dJi{x„), 

for any « e N, any < f i < . . . < f„ and any open subsets f/i , . . . , t/„ C S. We will not use 
this in the sequel. 

4. Coverings 

Let TT : 5 — > 5 = S/T be a normal Riemannian covering where F denotes the group of 
deck transformations acting by isometrics on S. By ji we denote the Riemannian volume 
measures both on S and on §. In order to compare the Wiener measures on S and on § we 
need to know how the heat kernels are related. The following proposition is well known 
but a reference seems to be lacking. 

Proposition 4.1. Let p be the heat kernel of S and p the heat kernel of S. Suppose that S 
is stochastically complete. 

Then S is also stochastically complete and we have for all x,y € S and all t > 

(19) Pt{x,y) = Pt{x,7y) 

where x ~ 7z{x) andy ~ 71 (y). The series in il9i converges in C°°. 

Here C°°-convergence means the following: Let / C (0,oo) be a relatively compact in- 
terval and let t/, y C 5 be relatively compact open subset over which the covering is trivial, 
i.e., n^^{U) = Uy^rY^ foi" some open subset U c S for which nig : t7 — > f/ is a diffeo- 
morphism and similarly for V. Then the series 

it,x,y)^'£p,murH^)M^\vr\y)) 

converges together with all derivatives uniformly to p\ixUxv- 
For the proof we need the following auxiliary lemma. 
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Lemma 4.2. Let (H, £^ ,}x) be a measure space and let /„ : i2 — ^ [0, °°\ be a monotonically 
increasing sequence of nonnegative measurable functions converging almost everywhere 
pointwise to f : Q,—^ [0,°°]. Let I < r <°o. 

IfllfWir < oo, then fn ^ U {Q., ji) for all n and f„ f inU{Q.,n). 

Proof. Since < fn < f almost everywhere we have ||/n||L' < I I/Ik' < °° and therefore 
/„ G L''(Q.,fx). Moreover, f — f, > converges almost everywhere pointwise monotoni- 
cally to 0. Monotone convergence implies 

\\f-fn\\lr= [ {f-f„Yd^^O. □ 

Proof of ProDosition \4.1\ Since p > 0, the right hand side of (fT9] l defines a measurable 
function 

q-.m.xSxS'^ (0,°o], qt{x,y) := ^p,(x,7y). 

yer 

By construction, qt{x^y) does not depend on the choice of lift y of y. Because of 

it does not depend on the choice of lift of x either 
We fix ;c e 5. From 



(20) 



q,{x,y)dn{y) ^ jj,{x,y)dn{y) < 1 



we see that (?,)')>--> qt{x,y) is an L[Qj,-function. In particular, it can be considered as a 
distribution on (0,°°) x S. 

Let (p € C"((0,oo) X 5) be a test function. We assume that the support of (p is contained 
in (0,°o) X U where U C 5 is an open subset over which the covering n is trivial. This 
assumption creates no loss of generality because every test function can be written as a 
finite sum of such test functions. Put ^+ := {{t,y) G (0,°°) x 5 | ( - ^ - ^)(p{t,y) > 0} 

and similarly ■= {{t ,y) e {0,oo) x S \ {- ^ -A)(p{t,y) <0}. Writing i = (;r|f7)"' (x) 
and similarly for y, we get by monotone convergence 



qtix,y)(^-^^-A](p{t,y)dli{y)dt 



,qtix,y)( -^^-A)(pit.,y)dliiy)dt 



.y+n((OHxc/) 

/y+n((OHxc/)^ \ dt J 

= L/ p,{x,Yy)(-^-A)(p{t,y)dfi(y)dt. 

Since {t,y) qt{x,y) is L^^^ and (p has compact support, the integral over .y^ is finite. 
This shows in particular that the series over y converges absolutely. We obtain a similar 
expression for the integral over . Adding the two integrals yields 

^ j^qt{x,y){^-^^-A)^[t,y)dn[y)dt 

I I Pt{x,7y)i-^-A)9{t,y)d^{y)dt 



yer 



JU 



L /„ [^{^j-^y)ptix,'Yy)-(pit,y)dn{y)dt ^0. 



yer 



Ju 
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Hence {t,y) i-^ qt{x,y) satisfies the heat equation in the weak sense and, by parabolic 
regularity OGri09l Thm. 7.4 (i)], it coincides almost everywhere with a smooth function 
{t,y) I— >■ qt(x,y) solving the heat equation in the classical sense. 

For any test function (p e C~(5) the function (p :— (p o n E C°° {§) will no longer have 
compact support in general, but it is bounded. By ||Gri091 Lem. 9.2] we have 

lim / q,{x,y)(p{y)dfi{y) ^lim p,{x,y)<i){y)d^{y) ^ <p{x) ^ (p{x). 

t\OJs t\OJs 

This together with ( l20l l shows that {t,y) H> qt{x,y) is a regular fundamental solution at x 
in the terminology of |Gri09 Sec. 9]. Since S is stochastically complete, OGri09l Cor. 9.6] 
implies that^((x,3;) = pt{x,y). 

We know that q,{x,y) — pt{x,y) for almost all {t,y) £ {0,°°) x S. Next we show q = 
p everywhere on (0,oo) x S x S. Since the function (t.y) pt{x,y) is smooth, it is in 
■^kic((^'°°) ^ Lemma l4~2l implies that the series in (fT9T l converges in Lf^^ to {t,y) 
Pt{x,y). Hence OGri09l Thm. 7.4 (ii)] applies and shows that the series converges locally 
uniformly. In particular, q = p everywhere. 

Because of the symmetry of the heat kernel, it solves the heat equation also for the 
x-variable, 

^^Pt{x,y) =A:,p,{x,y). 
Thus {t,x,y) 1-^ p2t{x,y) solves the heat equation onS x S, 

^^P2t{.x,y) ^A^p2t{x,y) +AyP2t{x,y). 

From 

WP'WlHsxs) = / Pt{x,yfdli{x)dii{y) = / p2t{x,x)dii{x) = 1 
•J S s ^ s 

we see that p is in Lf^^{{0,°°) x S x S). Again by Lemma l4~2l the series in (fT9] l converges 
in L^jjj,((0,oo) X S X S)to p and by BGri09l Thm. 7.4 (ii)] we have C°°-convergence. 
Finally, stochastic completeness of S implies stochastic completeness of § because 

1 = / p,{x,y)dfi{y) = Jt{x,y)dfi{y). □ 
Js Js 

Theorem 4.3. Let S be a stochastically complete Riemannian manifold and let 7t: S ^ S ^ 
S/T be a normal Riemannian covering where F denotes the group of deck transformations. 
Let XQ,yQ G S andxQ = n{xo) andyo = 7i{yo). Let I — [0,T] with T >0 or I = [0,°°). 
Then 

%^ : Go (/; S) Go (/; S) , ;/r* (w) = TT o w, 
is a homeomorphism which preserves the Wiener measures, 

7r*Wvo =W,o. 

Similarly, 



n*:\JciHM-^S)^Cy»^{[0,T];S) 

yer 

is a homeomorphism such that 



yer 



The theorem makes the plausible statement that the probability (density) of finding a 
path emanating from xq after time t at one of the points in (yo) is the same as that of 
finding the projected path at yo. 



WIENER MEASURES ON RIEMANNIAN MANIFOLDS AND THE FEYNMAN-KAC FORMULA 



21 





Fig. 3 

Proof. The inverse of ;r* is given by lifting the continuous paths. Formula (1% in Proposi- 
tion l4.1l shows that the formulas for the measures hold for all cylinder sets in C^^ {I',S) and 
in Cig {[Q,T];S), respectively. Uniqueness of the Wiener measure concludes the proof. □ 

5. Examples 

To apply the theory developed so far, we compute the expectation value for the distance 
of a random path from its initial point after time t. Let 5 be a geodesically and stochastically 
complete Riemannian manifold. Let p be its heat kernel and p its distance function. Then 
the expectation value for the distance of a random path emanating from xq E S to xq after 
time t is given by 



E[p{Xo,X,)] = 



(21) 



J^p{xo,x)pt{x,XQ) 



p(xo,w(f))t/W,o(w) 



dx. 



Explicit formulas for the heat kernel are available only for very few manifolds. The 
most prominent example is Euclidean space where the heat kernel has been known for a 
long time. Euclidean space is geodesically and stochastically complete and its heat kernel 
is given by 



p,{x,y) = {Ant)-"/^-exp(^- 



At 



By homogeneity of R" we may assume that the initial point of our random path is the 
origin. Then (1211 1 gives 

llvl|2^ 



E[p(Xo,X,)] = 



{Am) 



-njl ^ 



exp 



dx 



= (4OT)-"/2.vol(r-')- /' 
Jo 

= (4ot)-"/2.vo1(5"-' 
V4f -vo^y-i) 



At 

r -exp I — — I • r"^^dr 
Ats^ ■ exp (-i^) VAtds 
s" ■ exp (—s^) ds 
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The expectation value is in all dimensions proportional to \/t. The coefficient grows with 
the dimensiorQ. This is plausible because in higher dimensions the random path has "more 
space" to depart from the initial point. 

Now we pass from Euclidean space to hyperbolic space //". We restrict ourselves to the 
3-dimensional case, n = 3, where the heat kernel is given by 



Ptix,y)=e '-{Am) 



-3/2.. 



Pix,y) 



sinh(p(x,y)) 



P(-I;>t 

• e ^ 



see IIDGM76I p. 396]. We fix xq e and compute, using fOJl . 



E[p{Xq,X,)]= p{xo,x)pt{x,xo)dx 



■ e-' -{Ant) 



-3/2, 



'h3 sinh{p{xo,x)) 



5f dx 



•vol(5^)- / r -e'^ ■smh{r)dr 
Jo 



= e-' -{Ant)-^!^ 
= e-' ■ (4ro) -3/2 . 4^ . |-4f 2 ^ 2f 3/2 . ^ . e' . grf ( VF) ( 1 + 2f ) 
= e-' ■ 27r-'/2Vf + erf(^/f)(l + 2t). 
Here erf(x) = 2k^^I^ e^^~ ds is the so-called error function. 

7^ 




The plot shows the expectation values of M? and as functions of time t. While the 
asymptotic behavior of both functions is the same as f \ 0, it grows much faster for the 
hyperbolic space as f — > oo. Hence a random path in hyperbolic 3-space departs faster from 
its initial point than a random path in Euclidean space. 

For a nice discussion of the heat kernel on hyperbolic space in general dimensions see 

(Mi- 



^This can be seen using the Cauchy-Schwarz inequality: r(2i-i)^ = (^JqI^" ''^^e 'dt^ 
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6. The Feynman-Kac Formula 

Let S denote a connected Riemannian manifold without boundary, and let f > and 
xo,yo G S. In Proposition 13 . 1 51 we have established existence of the Wiener measure W^q 
on (Go([0,f];5)/^) and the conditional Wiener measure on {C?o{[Q,t];S),'^) which 
are induced by the heat kernel. As before, let A denote (the Friedrichs extension of) the 
Laplace-Beltrami operator of 5'. By Remark 12.231 one can represent the heat semigroup 
(e'^),>o applied to some g e L^{S.d^) as follows: 

(22) {e'^g){xo)= f 8ixi)prixi,xo)d^ixi)= f giwit))dW,,iw). 

Let V e L°°{S,dpL) be a real valued function. Then multiplication by V defines a bounded 
operator V : L^{S,dli) — > L?{S,diJ.). The Schrodinger operator // = A — V is then a self- 
adjoint operator in L^{S,djj.) which is bounded from above. Therefore H generates a 
semigroup (e'^ ),>(). Next we want to generalize ( l22b to H. For this we recall the classical 
Trotter product formula in the formulation of | RS75 Thm. X.5 1 ] : 

Theorem 6.1 (Trotter product formula). Let A and B be the generators of contraction 
semigroups on a Banach space X. Denote their domains by D{A) and D{B), respectively. 
Set D ~ D{A) r\D{B) and suppose that the closure o/ (A + Z?) |^ generates a contraction 
semigroup on X. Then, for all (p CzX, 



e'(^+^)(p= lim(eH^e^«)"(p. 

From this abstract product formula we will deduce the following Feynman-Kac formula. 
We want to stress that neither geodesic completeness nor stochastic completeness of the 
Riemannian manifold S are required. 

Theorem 6.2 (Feynman-Kac formula). Let S be a connected Riemannian manifold. Let 
V G L'"(S,dlJ.) be a real valued function. 

Then the semigroup generated by the Schrodinger operator H = A — V is given by 



(23) 



{e'"g) (xo) = / ^(w(f)) -exp (- fv{w{s))ds] dW,,{w) 

Jc,J[Q,t]:S) \ Jo J 



for any g £ L^{S,djl j) and any t > 0. 

The proof we give here follows the one of MRS75i Theorem X.68]. 



Proof of Theorem \6.2\ First we assume that V : 5 — ?> M is continuous and bounded. Then 
we find a constant 7 > with \V\ < 7, and the multiplication operator {V + 7) is bounded 
selfadjoint operator on L^{S,djj.) which has nonnegative spectrum and is therefore gener- 
ator of a contraction semigroup on L^ {S, djx). We get that the operator i/y = A — (V + 7) is 
an essentially selfadjoint operator in L^{S,dji) with domain D{Hy) — D(A) nZ)(y + 7) = 
D(A). Since the spectrum of Hy is nonpositive, Hy generates a contraction semigroup on 
L^{S,djj.). Hence we can apply the Trotter product formula and get, for any g e L^{S,dn), 

e'"g = e're'"rg 

= e'mm(er.\-Ti(^+^))"g 

/ - A - 

= lim [e" e 

where the limit is understood in L^{S,djJ.). 

For the moment let us fix a § £ I?{S^d}x). We note that \g\ e L^{S,dli) and therefore 
e''^\g\ e L^{S,djj.) as well. As the Riemannian volume measure ji is d-finite, convergence 
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of a sequence in L?{S,djJ.) implies that a suitable subsequence converges pointwise jj.- 
almost everywhere (see Corallarv lA.6l l. Therefore we can find a null set o/fo C S and a 
sequence of positive integers (n<.)|(.>i with 111^^°° such that for all xq G S\yii} one has 

(24) e"'\g\{xo)<^, 

(25) e'"g{xo) = lim(e4^"4^)"*g(xo). 

For any n > 1 there is a null set ^ C 5 such that for any xq E S\ JV„ we have 

{Me-T,''Y^(x^) 

= / ••• / e""'''^''"'---e"«^''^''g(x„)/:>i(x„,x„_i)---pi(ji:2,Ji:i)/?i(xi,xo)t/Ai(x„)---(i/i(ji:i) 

n 

^'^P (~ « E ^(■*^7))^(-^n)/'^ {Xn-,Xn-\)- --PL (x2,Xi)pL (x i , Xq ) t/^I (x„ ) • • • J^(xi) 

^ ^^^^^^^^ exp ( - ^ j^V{w{it)))g{w{t))dW,, (w) 

where we have used Remark l2.23l to get the last equality. For all xqGS and w G Cxg {[Q,t];S) 
the function V o w : [0, f ] — > M is continuous and the Riemann sum converges to the integral: 

j=i -^^ 

As one has |exp(- ^^Ui V(w(^f)))^(w'(0)| <e'^giw{t)) \ and, by (|22l and (El, 

(26) / e'r\g{w{t))\dWM<e'^e'%\{xo)<oo 

ic,o([0.r];S) 

for all Xq G S\ one can apply dominated convergence. Using ( l25b we get for any xq in 
the complement of the null set ,yV [jn>o^n that 

(27) (xo) = / ^(^(f)) -exp (~ [' V{w{s))d.^ dW,,{w). 

This proves the Feynman-Kac formula for bounded and continuous potentials V. Now 
we pass to the general situation and drop the assumption of continuity of V. Let V : S 
[—00^00] be in L°°{S,dli). We choose a sequence of continuous functions V,, : 5 — !> M with 
|K(-^)| < Vn[x) — > y(x) pointwise for /i-almost all x e 5. (We will 

establish the existence of such a sequence (V'«)„>i in Lemma lA. 1 ll in Appendix lAl) All 
induced Schrodinger operators Hn—A~ V„ are essentially selfadjoint and have the same 
domain D(//„) = D{H) = D(A). For every / e D(A) C L^{S,dpi) we have 

\\vf-v,j\\l, ^ ^ \v{x) - y„(x)|2|/(x)|2^M W ^ 

by dominated convergence. Thus 

H,J = Af- V,J ^Af-Vf = Hf 

in L^{S,lJ.). Hence we obtain (e.g. by means of criterion (i) of llWeiSOl Thm. 9.16]) that 
H„ converges to H in the strong resolvent sense. From that and from the fact that all the 
Schrodinger operators H„ and H are bounded from above by || V||l°°(5',c/^) we can conclude 
that the generated semigroups converge in the strong sense I. Wei 80. Thm. 9.18(b)]), i.e. for 
every g E {S, djJ.) we have 

e'""g^e'"g in L\S,d^i). 
Hence we get (after possibly passing to a subsequence) that, for ^-almost aU xq, 

(28) (,'//.^)(^,)^(,'//^)(^,). 
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Since the setB = {x eS \ V„{x) does not converge to V(x)} has measure zero, Lemma l2.25l 
applies and for W^g-almost all paths w E Cxg {[0,t];S) we have pointwise V„{w{s)) 
V{w{s)) for almost every s E [0,t]. Furthermore, the potentials V„ and V are all bounded 
by ||^||L°°(s,i;/i) and for W^Q-almost all paths w E Qxg {[0,t];S) we have the convergence 
Jo V„{w{s))ds — > /q y (w(i))£/i. Hence dominated convergence implies that 



(29) 



g{w{t)) ■ exp 1^ V„iw{s))ds^ ^ g{w{t)) ■ exp j\{w(s))ds 



c.o([0/l;5) 

= lim 



for W;tQ-almost all w E Cx^ ([Ojf];^). We notice that all functions on Cxq {[Q,t\;S) defined 
by the left hand side and the right hand side in ( |29] | are dominated by e'll^lli°°(s<'M) |§(w(f )) | 
which is W.VQ-integrable by (l26l l. Therefore we can apply dominated convergence once 
more and get, for /x-almost every xq, 

g{w{t)) ■ exp j\{w{s))d^ dWxo (w) 

g(w(f))-exp( - f Vn{w{s))ds) dWx,{w) 
Cvo([o.r];S) V -'0 / 

lim {e'""g) (xo) 

^{e'"g)M. □ 

Remark 6.3. The Feynman-Kac formula ( l23T l holds for more general potentials than just 
forV EL°°{S,djJ.), which would not cover all physically relevant examples. E.g. forS'^K^ 
it is known (see IIRS75I Theorem X.68]) that ^ is even true for V eL^{R^)+L 



Remark 6.4. Under the assumptions of Theorem l6.2l we can apply Lemma 12.241 in order 
to rewrite ( l23T l as 



(xo) = / / g{yo) ■ exp (- ['v{w{s))ds) dWyi{w)dn{yo) 

JsJcl°(\0.t];S) \ Jo J 



/5Jc;»([0,f];S) 

and we conclude that the integral kernel of of e'^ is given by 



q,{xo,yo) - exp (- ['v{w{s))ds) fl'Wi:»(w) 



(30) 

Corollary 6.5. Let S be a connected Riemannian manifold. Let V\,V2 E L°°(S,dlJ,) be 
real valued functions and let qj and qj be the integral kernels of e'^^^^' ^ and e'f'^^^z) 
respectively. IfVi< V2, then 

qRx,y) > qj{x,y) 

for all t > and allx,y E M. 

Proof Clear from (|30]|. □ 

As another consequence we get that formula (fT9] l in Proposition 14.11 also holds for 
Schrodinger operators. 

Corollary 6.6. Let S be a stochastically complete connected Riemannian manifold and 
let 7t : S ^ S — S /T be a normal Riemannian covering where Y denotes the group of deck 
transformations.. LetV E L°°{S,d^) be a real valued function. PutV V o ;r e L°°(5,(i/i). 
Let q be the integral kernel ofH — A — V and q the integral kernel ofH = A — V. 
Then we have for all x,y E S and allt >0 

(31) qrix,y)^Y.qt{x,Yy) 

where x = 71 (x) andy ~ 7t(y). 
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Proof. Using Proposition ^. H and the Feynman-Kac formula, we see 

q,{x,y) - / exp (- fv{w{s))ds) dWHw) 

iCi([0.r];S) V JO J 

L fy„ , fv{w{s))ds)dn,wf{w) 

^icf([0,r];S) \ Jo J 

^Y-Jcfim-s) \ Jo J 

yer 

Appendix A. Some Measure Theory 

In this appendix we collect some elementary facts from measure theory. We start with 
two basic statements from measure theory (compare [.Kal02. Lemma 4.1] and IIKal02i 
Lemma 1.20]). 

Lemma A.l. Let be a measure space. Then the following holds: 

a) (Markov's Inequality.) For any a > Q, any e > and any measurable function 
/ : n — > [0,oo) one has 

Ai ({CO e £2 I /(«) > £}) < ^ / n(o)d^{(o). 

b) (Fatou's Lemma.) Let H be a finite measure, i.e. < °°, then for any sequence 
of measurable sets (A„)„>i one has 



limsup ju(A„) < Ai( n U^«)- 



k>\n>k 

Proof, a) Since / > we have 



f{(o)dpi{(o)> / f{o})dpi{oi)>e"-pi{{f>e}). 

J{f>^} 

Markov's inequality follows. 

b) First we note that /i (A„) < pL (Um>*:^ni) whenever n>k. Furthermore, for any nested 
sequence {Bj^)i^>i in ^ with Bj^ D B^-^i for all k we have /x(njt>i^*:) — iiif*:>i M(5<r)IIB 
Applying this to B^. = Um>A:^m yields 

limsup ;U(A„) = inf sup ^(A„) < inf ^ ( |J A„, ) = M ( H U ) ■ ^ 

Definition A.2. Let {Q.,jz/,ii) be a measure space. Let /,/„ : £2 — > [— cxd^cxj] be measurable 
functions, n > 1. The sequence (/„)„ converges stochastically to / if, for any e > 0, 

M {{CO ea\\f„{(0)-f{(0)\ > £}) ^ 0. 

If jJ. is finite, almost sure convergence of measurable functions implies stochastic con- 
vergence. More precisely, this means: 

Lemma A.3. Let be a measure space with < oa_ Consider measurable 

functions f,f„ : £2 — [— n > 1. Assume that there is a null set ,jV £ such that for 
any (O ^ one has f„ ((b) Q as n ^ °°. Then {fn)n converges stochastically to f. 



^"it is an elementary property of any finite measure jl that iJ-([\k>\ ^k) = inf*:>l M(^A:) for nested sequence 
(Bj.)j.>l in the CT-algebra, compare e.g. IBau90l Satz 3.2] 
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Proof. We fix e > and we set A„ := {« G i2 | \ f„{(o)~ f{(0)\ > e}. Then the convergence 
fn{co) — > f{(o) for any CO <^ jy can be reformulated as f] \] AnQ. JV ■ This implies 

k>\n>k 

M( n U ^n) ~ and Fatou's Lemma yields the claim. □ 

k> 1 n>k 

Lemma A.4. Let (Q,,^/ be a measure space with < °°. Let {f„)„ be a sequence 
of measurable functions converging stochastically to a measurable function f. Then there 
is a subsequence of {f„)„ that converges to f pointwise for jl-almost every O G £2. 

Proof. By a diagonal argument we can find a subsequence, again denoted by (/„)„, such 
that for any > 1 we have 



£m({«|I/«M-/MI>]^})<-- 



This impUes 

li{{(0 I jim /„(«) ^ /(«)}) = M ( n n U {® I \fn{(0)-f{(0)\ > ^} 

\N=ie=in>e I 



< hm^lirn^ I !/«(«) -/(«)!> f}) = 0' 

which gives the pointwise convergence /„ (o) -^• /(ft)) for /x-almost all O) G £2. □ 

Corollary A.5. Lef (£2, jz/, /i) /7e a measure space where ji is (j-finite. Let £2 = |J,> j 
fl decomposition with Ei G ^ anc/ IJ-iEt) <°°, i > 1. Furthermore, let f,f„ : £2 — )> [— 
n > 1 /je measurable functions. Assume that for any i the sequence (/„ )„ converges stochas- 
tically to f on Ei, i.e. for any i > 1 and e > 0, 

Ai(£,n{«G £2 1 !/„(©) -/(«)!>£}) ^0. 

Then there is a subsequence of {fn)n that converges to f pointwise for jl-almost every 
« G £2. 



Proof By Lemma IA.4I on each E, it is possible to pass over to a subsequence that 
converges /x-almost everywhere on Ei. Applying a diagonal argument concludes the 
proof. □ 

Corollary A.6. Let (£2,^,/i) be a measure space where ji is o-finite. Let {f„)„ be a 

sequence in L^{Q,,dn) converging to f in the L^ -sense. Then there is a subsequence of 
{fn)n that converges to f pointwise for jl-almost O G £2. 

Proof. By Markov's inequality we have, for any e > 0, 



jl{{C0\\fn{C0)-f{C0)\>e) < ^ / \fn-fVdjl = -^\\fn - fh^^.d 



s 



.dil) ■ 



This shows that -convergence implies stochastic convergence of /„ — > /, in particular 
(/«)n converges stochastically to / on every measurable set of finite measure, and therefore 
Corollarv I A. 5 1 applies . □ 

The following Lemma is a technical approximation result we will apply later. 

Lemma A.7. Let (£2,^,/x) be a measure space where ji is o-finite. Let f„,f G L°°{D,,djl), 
n > I with f„ — >■ / in L°°{Q,,djl). Furthermore, assume that for any n > I there is a 
sequence of measurable functions fj^ [—°°, °°] such that the sequence {f!^)k converges 

to fy, pointwise for jl-almost every 0) G £2. 

Then there are two sequences of integers {ki)£>i and (m^)^>i such that the sequence {gi)i, 

ki' ^ ^ 

obtained by setting gf — /„j, converges to f pointwise for jl-almost every O G £2. 
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Proof. Since pL is a-finite, we can find a decomposition £2 = \_\i>\Ei with £, e and 
li{Ei) <°°, i> 1. Applying Lemma IA3] we obtain that, for any / > 1 and any £ > 0, 

(32) ^i(^Ein{(oea\\f„{co)~f^{(o)\>e}) ^0. 
For any e > 0, the triangle inequality implies 

{CO I \f{co)-f,^{co)\ > 2e} c {CO \ \f{co) -/„(«)| > e}U{« 1 1/„(«) -/^(«)| > e}, 

and, as /„ / in L°°(£2,ii/x), there is an > 1 with ju({a) | \f{co) - /„(a))| > e}) = for 
all n>N. Combining this with ( l32b we obtain that for every e > there is an > 1 such 
that, for any n>N and any / > 1 , 

(33) ^(Eir\{co^a\\f{co)-fi,{co)\>e)) ^0. 

For any £ > 1 we let 2^' play the role of £ in ( |33] | and we choose n( and so large that 

(34) ^{Eir\{co ^a\\f{co) - f„l{co)\>2-'}) < 2"^ 

for all / = 1 , . . . , (Such n^' and exist because we only impose finitely many condi- 
tions for their choice.) From ( |34] | we can conclude that the sequence {gii)t, obtained by 
setting gfi ~ fn'i converges stochastically to / on any Then CoroUarv I A. 51 applies and a 
subsequence of {ge)e converges to / pointwise for /i-almost every CO G £1. □ 

For the remainder of this appendix, let (S,^) be a topological space equipped with its 
Borel (7-algebra. 

Definition A.8. A measure ji on 3§ is called locally finite if any x G S possesses an open 
neighborhood U with < °°. 

Example A.9. If 5 is a Riemannian manifold, then the volume measure is locally finite. 

For locally finite measures one has the following classical result (see llEls96l Kap. VIII, 
Satz 1.16] for a proof): 

Theorem A.IO (Ulam). Let (5,p,/i) a metric measure space where the measure /i is 
locally finite. Then jJ. is a regular measure in the sense that for any Borel set A G S we 
have 

li{A) = s\x^ {ii{K) \ K d S compact with KdA} 

(35) = mf{ii{U)\U dSopenwithAdU}. 

From that we will deduce the following approximation result that we have used in the 
proof of Theorem l6.2l 

Lemma A.ll. Let S be a differentiable connected manifold, let ^ be a locally finite mea- 
sure on the Borel O-algebra of S. Let V : 5 — > [— oo^cxi] be in L'"{S,djx). Then there exists 
a sequence of smooth functions V,, : 5 -> M with |V„(x)| < || and Vn(x) — >■ V{x) 

pointwise for ^-almost all x G S. 

Proof. As in Example 12.41 we can find a metric p on 5 such that (5,p,/x) forms a metric 
measure space, and Ulam's Theorem holds for the measure fi. 

In the first step we prove the claim for V — 1a where A C 5 is a Borel set with /X (A) <°o. 
We fix an open subset W C S with A cW. Using ( l35T l we can find a sequence of compact 
sets Kn C A, n > 1, with K„ C K„^i and li{K„) — > /i(A), as well as a sequence of open sets 
UnCW, n>\, with A C t/„, t/„+i C U„ and /i(C/„) — > ^(A). For any n > 1 we choose 
a smooth cut-off function y„ : 5 — > [0, 1] being 1 on K„ and with support in U,, C W. In 
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particular, we have |V„(x)| < || VIIl-^^,^/^) = 1- The sequence V„ converges pointwise to 
on n U„, and to 1 on U K„. By (35\) . 

n>l n>l 

^iiplU„\\jK„)=^if]U„\A) + ^iA\\J K„) = 0, 

n>l n>l n>l n>l 

hence we have pointwise convergence Vn{x) V{x) for /x-almost all x £ S. This proves 
the lemma for V — 1a- 

In the second step we verify the claim for V = 1a where A C 5 is an arbitrary Borel 
set. We choose a locally finite cover of S by countably many open sets W, C 5, / > 1 with 
/X (W/) < °° for any /. For each / we can apply the above argument to A,- = A n W, and get a 
/i-almost everywhere pointwise convergent sequence of smooth functions V,|(x) — > 1a, (^) 
such that < V„' < 1 and each function has support in W,. Then we take a partition of 
unity {Xi)i subordinate to the cover (W^),-. We note that V = Y.iXi'^Ai ^"d set ¥„ ~ 
which yields the Lemma for arbitrary characteristic functions. 

In the third step we consider a step function V — Y,i=i(^k 1^^. where Ai^ are Borel sets and 

e K. For any k we find a sequence of smooth functions : 5 K with |V„'^(x)| < 1 such 
that for ;U-almost all x e 5 one has y„'^(x) — > 1ai,{x) as n — > oo. By setting V„ = Y.i^i akVj^ 
we obtain a sequence as required in the Lemma. 

Finally, we consider the general case. Let V : S [— cxj,oo] be in L°°{S,dpL). For each 
A; > 1 we consider the step function Fj^-.S ^M. given by 

^k — Y 2^(^l|j.gj| „/2*<y(x)<(m+l)/2*| ~ {xeS\ -(;n+l)/2*<V(.i:)<-m/2*|/ ' 



By construction we have l^il-*^)! < ll^llL°°(5.rf|i) for every x e 5, and f). — > V in L°°{S,djj,). 
As shown in the third step there are sequences of smooth functions V^*^ : 5 — > M with 
\F^{x)\ < \\Fi:\\L^^s.d^i) < \\y\\L-(s.dfi) for any X e 5 and F^{x) Fk{x), as r ^ oo, for 
/i-almost all x e 5. Then we apply Lemma lATTl which concludes the proof. □ 



Appendix B. Proof of the Kolmogorov-Chentsov Theorem 

In the following we will give a proof of Theorem 12 . 1 71 for the convenience of the reader. 
For the case that = 1, a proof can be found in MKal02l Thm. 3.23] where condition 
(|6]l is required to hold for all f ,i > 0. We will adapt the proof from OKal02l to the slightly 
more general situation in Theorem l2.17l 

Proof of Theorem [2. 1 7] W. 1. o. g. we may assume T = \. For any n > 1 we set ^„ := 
{O, 277, ^, • • • 7 1 } and & :— Un Si„. We define a measurable function : i2 — !• [0,°°) 
by 

E,„ = ^ max^„P (^A-2-",^(^-i).2-") ■ 

If no e N is large enough, namely if 2^"" < e, we get from (|6]l that E[<^^'] < for all 

n > riQ. We fix G (0, ^) and we get 



n>no 



n>nQ 

< ^2''-"£e[p(X,.2-,„X(,_,).2-„)1 

n>no k=l 

<C- 2''-"-"-2"-2""('+'') 



:C-Y2 



-n{h-e-a) 



<^ oo. 
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Hence we can find a null set jVq e ^ such that for all O) ^ .y/e one has 
L«>no (2^ "^n(co))" < oo. Therefore, for any O) ^ J/'e there is a constant Ci ((a) > with 

t,n{(0)<Ci{(0)-2-^" forall«>l. 

Let m > riQ. For s,t £ & with \t — s\<^ and any CO ^ ^ we conclude, using the triangle 
inequaUty, 

p (X,(«),X,(a))) < 2 • ^ ^„(«) < 2 • Ci (CO) • ^ 2-*' " = C2(co, 6) • 2-«"' 

for a new constant C2{co, 9) > 0. Now we choose a sequence 0, e {0,b/a) with 0,- ^/a. 
Then ^ := |J,- is again a null set and we have for all co ^ jV , for all / and all < 5 < 
2-"o that 

sup p (X,(co),X,(a))) < C2(a),0;) • 5*^'. 

|.s-f|<5 

For CO ^ o/f and f e [0, 1] we set 

y,(co):=limX,(co). 

This limit exists because (5,p) is complete by assumption. For (£> ^ ,yV the path F.(co) is 
Holder continuous of any order 0,- and hence of any order < ^- For (O e ^ and f G [0, 1] 
we simply set F((co) :~ xq. 

It remains to show that {Yt)te[a.\] is a version of (^(),g[o.i]. Given t e [0, 1], we choose 
a sequence (fi;)i:>i in Si with f<. f as A: ^ oo. If co ^ we have X,^, = 7,^.. We set 
Zj^ :— p{Xti^,Yt). Since (J'r)fG[o,i] has continuous paths it follows that Zk{(o) — ?> for any 
CO ^ By Lemma lA3] we get for any m> I that 

(36) P(C0 I p{Xr,{C0),Yr{C0)) >1)'^Q. 
For any m > 1 Markov's Inequality and condition Q imply 

(37) P(co I p(X,(co),Xjco)) > 1) <m".E[p(X„X,J"] ^0. 

For any m> 1 and any x,y,z£ S with p(x,y) > ^ the triangle inequality for p yields that 
p(-x,z) > i orp(z,y) > Hence 

{CO I p(X,(co),y,(co)) > il c {CO I p(X,(co),X,,(co)) >^JU{co\ p(X,,,(co),y,(co)) > 1} 

for alU > 1. By (l36]l and (O this imphes 

P{{co I p(X,(co),F,(co))>|}) 

< P({co I p{Mco),X,,{co)) > 1}) +P({co I p{Xr,{co)M(o)) > ^ 0. 

Thus {co I p(X,(co),yr(co)) > ^} is a null set for every m > 1, and so is {co | X,{a)) ^ 
l'r(co)} C [j{co\ p{Xt{co),Y,((X))) > ^^}. This means that (^fj^ep.!] is a version of 

(^l')fG[0,I]- n 

Appendix C. Proof of Lemma [3T9] 

Before we prove Lemma 13.91 we show by example that the lemma fails if one drops the 
assumption of smoothness of the boundary. So the lemma is not as "obvious" as it might 
seem at first glance. 

Example C.l. Let M = R^ with the Euclidean metric and let H = {{s,t) | -1 < i < 
1, -1 < f < v^}- Putx£ := {-e,^/e) andyg := (e,\/e), where e e (0, 1]. 
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Fig. 5 



Thenp"* {x^,y^) = \\x^~y^\\ = 2e and p^{xi;, ye) = \\xe\\ + \\yi;\\ =2y/e{e + l). Hence 

P«'(x.,3'.) V e 

is unbounded as e \ 0. 

In order to show Lemma [J!9l we need the following elementary comparison result: 

i be a -function and let Ci and C2 be positive constants 



Lemma C.2. Let f : [0, T] 

such that 



Then 



/(0)>-C2/(0), 
1/(0) >o. 



[o,r] 



/(0>/(0) (^cos(Cif)-^sin(Cif; 

holds for all t E [0,T'] where T' = min{r,arctan(Ci/C2)/Ci}. 

Proof. We put h{t) :— cos(Cif ) — ^ sin(Cif ). Then we have 

'h^-C^h, 
h{0) = -C2/j(0), 
.K0) = 1. 

Note that /1 > on [0, arctan(Ci /C2)/Ci ). Now we define on this interval v(f ) := h{t) /h{t) 
and u{t) := f{t) / f{t) is defined on the maximal interval [0, To) on which / is defined and 
remains positive. Then we get 



u > —C\ — u^, 



and 



[u{0)>-C2, [v{0)^-C2. 

Standard comparison MBR78I Thm. 7 on p. 26] yields m > v on the common domain. Inte- 
grating this we find 

/h{t) 



log 



- f u{s)ds> f vi 
f{Q)) Jo ^' -Jo ^ 



hence 



s) ds = log 



^ /iff) 



m - MO) 

This is the asserted inequality. We also see that / remains positive as long as h does. Hence 
the inequality holds on the stated interval. □ 
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Proof of Lemma 13791 The first inequality is clear because the set of curves in M joining x 
and y contains the set of such curves in H. Let Diag := {(x,x) | jc e O} be the diagonal in 
n X n. Then Pq/Pm is a continuous positive function on (i2 x i2) \Diag. We show that 
Pq/Pm can be extended to a continuous function on x i2 by putting it equal to 1 on the 
diagonal. By compactness of £2 x £2, this extension of p^j/ Pm must be bounded and the 
lemma is proved. 

Hence we have to show that 

(38) , 

PM[Xj,yj) 

for any Xj^yj £ fi such that Xj ^ yj and \vcn.jXj = lim^y^ =: x. If x S H, then xj and yj will 
eventually lie in a convex neighborhood of x entirely contained in H. Then Poixj^yj) = 
pM{xj,yj) and ( l38T l is clear. 

The problematic case occurs when x e (9£2. For e > we let 

£2f {x e M I Pm(x,£2) < e}. 

Let V be the exterior unit normal field of £2 along dQ.. For e > sufficiently small we have 

£2£ =£2U{exp..(5v(z)) | z e ^£2,0 < 5 < e} 

where exp denotes the Riemannian exponential function of M. 




Fig. 6 



Moreover, the map exp,(5v(z)) is a diffeomorphism [0, e] x dCl £2^ \ £2. De- 

note the Riemannian distance function on £2^ by p^. Then 

(39) asy^oc 

PM{xj,yj) 

because x S £2^. It remains to compare p-^{xj,yj) and p£{xj,yj). Clearly, p£ < p^. To 
obtain an inverse inequality, we let c : [0, 1] — ?> £2^ be a piecewise smooth curve joining xj 
and yj. We deform c to a curve in £2 by putting 



ic{s), ifc(i)e£2, 

I exp,(T5v(z)), if c(i) =exp,(5v(z)) for some (5,z) e [0,£] x dQ.. 
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Fig. 7 



Then is a piecewise smooth curve in Q.^ joining xj and yj with ci = c. In particular, cq 
joins Xj and yj in i2. 

For any fixed sq, the curve T i-^ Ct:{so) is a geodesic by construction and hence ^(^o) 
is a Jacobi field along T i-> Ct:{sq). Therefore the Jacobi field equation 

^T^ 5i \ ds ' dT / dx 

holds, where V denotes the covariant derivative and R the curvature tensor Let Ci > 
be such that \R\ < Ci on Q.^. For fixed s where the second branch in the definition of Ct 



apphes, we put /(t) := 



We compute 



/(t) - — / — — 
(9t^ \ ds ' ds 



/_V dcA 



dx \dT ds ' ds / 

\ \ ds ' dx 
> -2CieV(T) 



> -2 



dc-c 
~dT 



V ac, 

5t ds 
dc-c 
'd7 



because 



R 



dc-c 
~d7 



dc-c 
~dT 



dc-c 
~dT 



dc-c 
'dJ 



<Ci 



dx 



<CieV(T) 



Moreover, let C2 > be a bound for the second fundamental form of dQ., i.e., |//| < C2. 
Then 



/(O) 2 / ^ ^''^ '^''^ 
\ (9t ds ' ds 

= 2/ — — — 
\ (9s (9t ' 5s 



T=0 



T=0 



:2^J(5(s)v(co(s))),cUs] 



= 2(5'(s)v(co(s)) + 5(s)V,,(,)V,4(s) 
= 25(s)(v,,(,.v,c;,(s) 
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= 28is)II{c'o{s),c'ois)) 
>-2C2e/(0). 



By Lemma lC2l we have 



/(I) >/(0) |^cos(V2Cre)-^sin(V2Qe)^ 

provided 1 < arctan(-yc7/ (\/2C2))/(\/2C]"e) which is true for sufficiently small e. Writ- 
ing cos(V^e) - sin(V2C7e) = (1 - ?] (e))^ this means 

k'WI = K(.)|>(l-77(e))-M.)| 
with T] (e) — > as e — > 0. Hence we have for the lengths of c and cq: 

L(c) >(1- 77 (e)).L(co) 

and therefore 

pE{xj,yj) > (1 -r]{e))-p^ixj,yj). 

Thus 

lin,sup^4^ <limsup^4^1imsup^^^ < ' 



PM{xj,yj) 



P£ixj,yj) 



pMixj,yj) 1-J?(e)' 



Since this holds for any sufficiently small e > 0, we get limsup^^„ '^^{J-]-) — ^ ^^^^ 



lim. 



' pM(xj,yj) 



1 as required. 



□ 
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